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1. Introduction and background 

Motivation and main goal. Our starting point is the following weak version (which is 
enough for our purpose) of an invariance principle for multilinear homogeneous sums with low 
influences, recently established in [6]. 

Theorem 1.1 (Mossel-O'Donnel-Oleszkiewicz). Let (J), P) be a probability space (in the clas- 
sical sense). Let X±,X2, ■ ■ ■ (resp. Y\,Y2,.. ■) be a sequence of independent centered random 
variables with unit variance satisfying moreover 

sup.E[|Xj| r ] < oo (resp. sup E[\Yi\ r ] < oo). 
i>l i>l 

Fix d > 1, and consider a sequence of functions /jy : {1, • • • , N} d — > R satisfying the following 
two assumptions for each N and each . . . , i d = 1, . . . , N: 

(%) (full symmetry) f N (i u ..., i d ) = /jv(V(i), ■ • • , V(d)) f or al1 a G &di 
(it) (normalization) d\ Ylf u ...,j d =i /v(ji, • • • ,jd) 2 = 1- 
Also, set 

N 

Q N (xi, . . . ,x N ) = f N (ii,...,i d )x il ...Xi d (1) 

h,...,id=l 

and 

N 

Infi(/jv) = ^2 fN{i,j2,---,jd) 2 , i = l,...,N. 

j2,-,jd = l 

Then, for any integer m > 1, 

E[Q N (X 1 , . . . , X N ) m ] - E[Qn(Y\, Y N ) m ] = 0(r l J 2 ), (2) 
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where tn = maxi<j<Ar Infj(/jv). 

In [6], the authors were motivated by solving two conjectures, namely the Majority Is Stablest 
conjecture from theoretical computer science and the It Ain't Over Till It's Over conjecture from 
social choice theory. It is worthwhile noting that there is another striking consequence of Theorem 
11.11 more in the spirit of the classical central limit theorem. Indeed, in article [10J Nourdin, 
Peccati and Reinert combined Theorem 11.11 with the celebrated Fourth Moment Theorem of 
Nualart and Peccati and deduced that multilinear homogenous sums of general centered 
independent random variables with unit variance enjoy the following universality phenomenon. 

Theorem 1.2 (Nourdin- Peccati- Reinert). Let (Cl,J-, P) be a probability space (in the classical 
sense). Let G\,G2, ■■■ be a sequence of i.i.d. J\f(0, 1) random variables. Fix d>2 and consider 
a sequence of functions fjy : {1, . . . , N} d — > ]R satisfying the following three assumptions for each 
N and each i±, . . . , id = 1, . . . , N: 

(i) (full symmetry) f N (i u ..., i d ) = /jv(V(i), ■ • • > V(d)) f or al1 a G 6 d; 
(ii) (vanishing on diagonals) /jv(ii, • • • ,id) = if if. = i\ for some k ^ I; 
(in) (normalization) d\ £)^,...j d =i /iv(il, • • • ,jd) 2 = 1- 

Also, let Qn(x±, ■ ■ ■ ,%n) be given by |7J). Then, the following two conclusions are equivalent as 
N -)• oo: 



(B) Qn(Xi, . . . , Xjsf) ^ jV(0, 1) for any sequence Xi, X2, ■ ■ ■ of i.i.d. centered random vari- 
ables with unit variance and all moments. 

In the present paper, our goal is twofold. We shall first extend Theorem 11.11 in the context of 
free probability and we shall then investigate whether a result such as Theorem 11.21 continues to 
hold true in this framework. We are motivated by the fact that there is often a close correspon- 
dence between classical probability and free probability, in which the Gaussian law (resp. the 
classical notion of independence) has the semicircular law (resp. the notion of free independence) 
as an analogue. 

Free probability in a nutshell. Before going into details and for the sake of clarity, let 
us first introduce some of the central concepts in the theory of free probability. (See [SJ for a 
systematic presentation.) 

A free tracial probability space is a von Neumann algebra A (that is, an algebra of operators 
on a real separable Hilbert space, closed under adjoint and convergence in the weak operator 
topology) equipped with a trace ip, that is, a unital linear functional (meaning preserving the 
identity) which is weakly continuous, positive (meaning <p(X) > whenever X is a non-negative 
element of A; i.e. whenever X = YY* for some Y £ A), faithful (meaning that if tp(YY*) = 
then Y = 0), and tracial (meaning that ip(XY) = (p(YX) for all X, Y £ A, even though in 
general XY / YX). 

In a free tracial probability space, we refer to the self-adjoint elements of the algebra as random 
variables. Any random variable X has a law: this is the unique probability measure ^ on K with 
the same moments as X; in other words, \x is such that 



for any real polynomial Q. 

In the free probability setting, the notion of independence (introduced by Voiculescu in |13j ) 
goes as follows. Let A\, . . . , A p be unital subalgebras of A. Let X±, . . . , X m be elements chosen 
among the ^4j's such that, for 1 < j < m, two consecutive elements Xj and Xj+\ do not come 



(A) Q N (d 




(3) 
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from the same Ai, and such that f(Xj) = for each j. The subalgebras A\, . . . ,A P are said to 
be free or freely independent if, in this circumstance, 

ip(X 1 X 2 ---X m ) = 0. (4) 

Random variables are called freely independent if the unital algebras they generate are freely 
independent. If X, Y are freely independent, then their joint moments are determined by the 
moments of X and Y separately as in the classical case. 

The semicircular distribution S(m, a 2 ) with mean m £ M and variance a 2 > is the probability 
distribution 

S(?n,a 2 )(dx) = \J Aa 2 - (x - m) 2 l{\ x - m \<2a} dx. 

If m = 0, this distribution is symmetric around 0, and therefore its odd moments are all 0. A 
simple calculation shows that the even centered moments are given by (scaled) Catalan numbers: 
for non-negative integers k, 

rm+2<7 

(x - m) 2k S(m,a 2 )(dx) = C k a 2k , 

m~2cr 

where C k = ^( 2 fc fc ) (see, e.g., [S Lecture 2]). 

Our main results. We are now in a position to state our first main result, which is nothing 
but a suitable generalization of Theorem 11.11 in the free probability setting. 

Theorem 1.3. Let (A, if) b e a free tracial probability space. Let X\,X2, ■■ ■ (resp. Y±,Y2, . . .) 
be a sequence of centered free random variables with unit variance (that is, such that ip(X 2 ) = 
(f(Y 2 ) = 1 for all i ), satisfying moreover 

sup<^(|Xj| r ) < oo (resp. sup<^(|Yj| r ) < oo) for all r > 1, 

i>l i>l 

where \X\ = \[X*X. Fix d > 1, and consider a sequence of functions /jv : {1, • • • , N} d — > M 
satisfying the following three assumptions for each N and each i±, . . . , = 1, . . . , iV: 

(i) (mirror-symmetry) f N (ii,...,i d ) = f N (i d ,...,i 1 ); 
(ii) (vanishing on diagonals) /tv(^i, • • • ,id) = if = % for some k ^ I; 
(Hi) (normalization) E^,...,j d =i .Mil: • • • ,3d) 2 = 1- 
Also, set 

N 

Q N (xi, . . . ,x N ) = ^2 f N (ii,...,i d )x h ...x id (5) 

ii,...,i d =l 

and 

d N 

lnU(f N ) = ^2 Yl fN{ji,---,ji-i,i,ji,---,3d-i) 2 , i=l,...,N. 

1=1 31,— Jd-l=l 

Then, for any integer m > 1, 

V>(Q N (X l3 X N ) m ) - v(Qn(Yu . . . , Y N ) m ) = OirjJ 2 ), (6) 

where tn = maxi<j<Ar Infj(/7v). 

Due to the lack of commutativity in the free context, the proof of Theorem 11.31 is far more 
complicated than its commutative counterpart. Moreover, it is worthwhile noting that it contains 
the free central limit theorem as an immediate corollary. Indeed, let us choose d = 1 (in this 
case, assumptions (i) and (ii) are of course immaterial), Y\,Y2, . . . ~ 5(0,1) and /jv(i) = — }=, 

i = 1,...,N. We then have Qn(Yi, ■ ■ ■ , Yn) ~ 5(0,1) = Y\ (thanks to (Hi) as well as the 
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fact that a sum of freely independent semicircular random variables remains semicircular) and 
tm — > as N — > oo, so that, thanks to ([U]), 

" 'Xi + ... + Xn ' 



'N 

for each m > 1 as N — > oo, which is exactly what the free central limit theorem asserts. 

When d > 2, by combining Theorem 11.31 with the main finding of [3], we will prove the 
following free counterpart of Theorem 11.21 

Theorem 1.4. Let (A,(p) be a free tracial probability space. Let S\,S2,-- - be a sequence of free 
5(0, 1) random variables. Fix d > 2 and consider a sequence of functions /jv : {1, • • • ,N} d — > R 
satisfying the following three assumptions for each N and each i±, . . . , = 1, . . . , iV: 

(i) (full symmetry) f N (i u ..., i d ) = /jv(V(i), ■ • • > V(d)) / or °" G 
(?«^ (vanishing on diagonals) /iv(^l) ■ ■ ■ ^d) = ® if ik = k for some k ^ I; 
(in) (normalization) E^,...,j d =i /iv(j'i, • • • ,jd) 2 = 1- 

y4/so, Ze£ Qn( x i, ■ ■ ■ ,%n) be the polynomial in non-commuting variables given by f5[). Then, the 

following two conclusions are equivalent as N oo: 

(A) Q N (S U ...,S N ) } ™S(0,1); 

(B) Qn(X%, . . . , Xpj) — > 5(0,1) for any sequence Xi, X2, ■ ■ ■ of free identically distributed 
and centered random variables with unit variance. 

Although a weak 'mirror-symmetry' assumption would have been undoubtedly more natural, 
we impose in Theorem 1 1 . 41 the same 'full symmetry' assumption (i) than in Theorem 11.21 This is 
unfortunately not insignificant in our non-commutative framework. But we cannot expect better 
by using our strategy of proof, as is illustrated by a concrete counterexample in Section [2j 

Theorem 11.41 may be seen as a free universality phenomenon, in the sense that the semicircular 
behavior of Qn(X\, . . . ,Xn) is asymptotically insensitive to the distribution of its summands. 
In reality, this is more subtle, as the following explicit situation well illustrates in the case d = 2 
(quadratic case). Indeed, let us consider 

1 N 

Qn(xi, ■ ■ %n) = /o , r = y~)(xiXj + XiXi), N > 2, 
V 2iV - 2 . =2 

let Si, S2, ■ ■ ■ be a sequence of free 5(0, 1) random variables and let Xi,X2, ... be a sequence 
of free Rademacher random variables (that is, the law of Xi is given by \Sx + !<5_i). Then 

Q N (Xi,...,X N ) ^5(0,1) asiV^oo, but 

Q N (Si, ...,S N ) 1 ™ -^(SiS 2 + S 2 Si) ,6 5(0, 1). 

(See Section[2]for the details.) This means that it is possible to have Qn(Xi, . . . , Xn) converging 
in law to 5(0, 1) for a particular centered distribution of X±, without having the same phenome- 
non for every centered distribution with variance one. The question of which are the distributions 
that enjoy such a universality phenomenon is still an open problem. (In the commutative case, it 
is known that the Gaussian and the Poisson distributions both lead to universality, see |10|. I12j . 
Yet there are no other examples.) 

Organization of the paper. The rest of our paper is organized as follows. In Section [2 we 
deduce from Theorem 11.31 several results connected with the universality phenomenon and we 
study the limitations of Theorem 11.41 Section [3] is devoted to the proof of Theorem 11.31 which 
turns out to be the main task of this paper. The proof of a technical estimate, needed in the 
proof of Theorem 11.31 is postponed in Section [5] for the sake of clarity. 
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2. Free universality 

In this section, we show how Theorem 11,31 leads to several results connected with the uni- 
versality phenomenon. We also study the limitations of Theorem 11.41 Can we replace the role 
played by the semicircular distribution by any other law? Can we replace the full symmetry 
assumption (i) by a more natural one? 

To do so, we first need to recall some facts proven in references (TJ 0]. 

Convergence of Wigner integrals. For 1 < p < oo, we write L p (A,tp) to indicate the 
LP space obtained as the completion of A with respect to the norm \\A\\ p = pdA^y/P, where 
\A\ = VA*A, and || • stands for the operator norm. For every integer q > 2, the space L 2 (IR^_) 
is the collection of all real- valued functions on that are square-integrable with respect to the 
Lebesgue measure. Given / £ L 2 (M+), we write f*(t\, £2, •••) t q ) = f(t q ,...,t2,ti), and we call 
/* the adjoint of /. We say that an element of L 2 (Ri) is mirror symmetric whenever f = f* 
as a function. Given / £ L 2 (M^_) and g £ L 2 (M.^_), for every r = 1, ...,p A q we define the rth 
contraction of / and g as the element of L 2 (IR+ +<?_2r ) given by 

f^g(tl,---,tp+q-2r) (7) 
— / /(^l) • • • j tp—ri ^lj • • • i X r ^g(^X r , . . . , X\ , , . . . , tp+q—2r)d'Xi . . . d,X r . 

One also writes f^g(ti,...,t p+q ) = f ® g(tx, t p+q ) = f(t 1 ,...,t q )g(t q+1 ,...,t p+q ). In the fol- 
lowing, we shall use the notations f^g and / g interchangeably. Observe that, if p = q, then 
f^9 = (/ 5 9*)l2 (R 9_). 

A free Brownian motion S on (^4, (p) consists of: (i) a filtration {At '■ t > 0} of von Neumann 
sub-algebras of A (in particular, A u C At for < u < t), (ii) a collection S = (St)t>o of 
self-adjoint operators such that: 

- St G At for every t; 

- for every t, St has a semicircular distribution 5(0, i); 

- for every < u < t, the increment St — S u is freely independent of A u , and has a 
semicircular distribution 5(0, t — u). 

For every integer q > 1, the collection of all random variables of the type I q (f), f £ L 2 (M^), 
is called the qth Wigner chaos associated with S, and is defined according to [H Section 5.3], 
namely: 

- first define I q (f) = (Sb 1 — S ai ) . . . (Sb q — S aq ) for every function / having the form 

/(*!,...,*,) = l (ai|6l) (ti) X ... X l(a 8> 6 9 )(^), (8) 

where the intervals (aj,6j), i = l,...,q, are pairwise disjoint; 

- extend linearly the definition of I q (f) to simple functions vanishing on diagonals, that 
is, to functions / that are finite linear combinations of indicators of the type (|8|); 

- exploit the isometric relation 

(I q (h),lM)L2(A,<p) = <MI ? (/l)%(/ 2 )) =<P(W*)W) = </l,/2>Z W (9) 

where /1, /2 are simple functions vanishing on diagonals, and use a density argument to 
define I q (f) for a general / £ L 2 (M^). 

Observe that relation ([9]) continues to hold for every pair /1, /2 £ L 2 (IR^_). Moreover, the above 
sketched construction implies that I q (f) is self-adjoint if and only if / is mirror symmetric. We 
recall the following fundamental multiplication formula, proven in [TJ. For every / £ L 2 (M^) 
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and g G L 



2 rial 



where p,q > 1, we have 



pAq 



(10) 



r=0 



Let Si , S 2 , ■ ■ ■ ~ «S(0, 1) be freely independent, fix <i > 2, and consider a sequence of functions 
Jn '■ {1, • • • , N} d — > M satisfying assumption (u) and (Hi) of Theorem 11.41 as well as 

/jv(*i, ...,id) = /jv(*d, • • • ,n) for all AT > 1 and i 1; . . . , i d G {1, . . . ,N}. (11) 

Let also Qn(xi, ■ ■ ■ ,%n) be the polynomial in non-commuting variables given by ([5]). Set ej = 
lfi— i j] G ^ 2 (I^+)i i > 1- For each TV, one has 



law 



Q N (S X ,. . . ,Sn) = Qn(Ii(&i), ■ ■ ■ ,h(e N )). 



(12) 



By applying the multiplication formula (|10p and by taking into account assumption (ii), it is 
straightforward to check that 



QN(h(ei), ■ ■ ■ ,h(ew)) = I<i(9n), 



where 



N 



9N 



^2 f N (i 1 ,...,i d )e il <8> ...®e id . 



(13) 



(14) 



ii,...,irf=l 



The function gjy is mirror-symmetric (due to (fl~T|) ) and has an L 2 (M+)-norm equal to 1 (due 
to (Hi)). Using both Theorems 1.3 and 1.6 of [1] (see also [9]), we deduce that the following 
equivalence holds true asiV-Joo: 



law 



Qn(Si, ■ ■ -,S N ) -> 5(0, 1) ||57v^Ar|| L2(R 2<i-2r ) ->■ for all r G {1, . . . ,d— 1}. (15) 
For r = d — 1, observe that 



I d- 1 II 



V 



V 



X! ^2 fN(i,k 2 ,...,k d )f N (k d ,...,k 2 ,j)\e i ®e j . 



L 2 (R2 ) 



v 



V 



X] I X] fN(i,k 2 ,...,k d )f N (k d ,...,k 2 ,j) 

*iJ=l \A;2,...,fc d =l 



> 



V 



fN(i,k 2 ,.--,k d ) 2 J (by setting j = z and using (HI 

1=1 \ fc2,...,fcd = l 



> max V" fN(i,k 2 ,. . . ,k d y 
i=l,...,N *■ — ' 

k?,— ,k d =l 



(16) 



Proof of Theorem 11.41 Of course, only the implication (A) — > (B) must be shown. As- 
sume that (A) holds. Then, using (fT5"|) (condition (i) implies in particular (jlip ). we get that 

1 1 (7iv C ^ — ^^A^ 1 1 z,2 ) ~~ ^ as N — > 00. Using (|16p and since /jy is fully-symmetric, we deduce 
that the quantity tn of Theorem 11.31 tends to zero as ./V goes to infinity. This, combined with 
assumption (A) and ([6]), leads to (B). □ 
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A counterexample. In Theorem 11.41 can we replace the role played by the semicircular 
distribution by any other law? The answer is no in general. Indeed, let us take a look at the 
following situation. Fix d = 2 and consider 

1 N 

Qn(xi,. ■ -,x N ) = y~](xiXj + XiXi), N > 2. 

V 2N ~ 2 i=2 

Let S\, S2, ■ ■ ■ be a sequence of free 5(0, 1) random variables and let X±, X2, ... be a sequence of 
free Rademacher random variables (that is, the law of Xi is given by \5 X + \5-i). Then, using 
the free central limit theorem, it is clear on one hand that 



Q N (Xi,...,X N ) = ^ Xl (-^^x^+^(^='£ 



Xi \Xi 



law 1 ( XlSl + SlXl j asiV^oo, 
v2 

with Xi and Si freely independent. By Proposition 1.10 and identity (1.10) of Nica and Speicher 
[7j, it turns out that -4g(Xi5i + SiX{) ~ 5(0, 1). But, on the other hand, 

Qn(Si,...,S n ) = 



law 



-^=(SiS 2 + S 2 Si). 



The random variable ^(S'iS'2 + S2S1) being not 5(0, 1) distributed (its law is indeed the so- 
called tetilla law, see [2]), we deduce that one cannot replace the role played by the semicircular 
distribution in Theorem 11.41 by the Rademacher distribution. 

Another counterexample. In Theorem 11.41 can we replace the full symmetry assumption 
(i) by the mirror-symmetry assumption? Unfortunately, we have not been able to answer this 
question. But if the answer is yes, what is sure is that we cannot use the same arguments as in 
the fully-symmetric case to show such a result. Indeed, when /jv is fully-symmetric we have 

N 

t n = d x max V] fN(i,k2,---,k d ) 2 , 

i=l,...,N 

k2,...,kd=l 

allowing us to prove Theorem 11.41 by using the following set of implications: as iV — > 00, 

Qn(Si, . . . ,Sn) 1 -^>5(0, 1) 9 1 l|W^ 1 5ivHL2( R 2) §1 tat — > 

Th ^P Q N (X U ...,X N ) ^5(0,1). (17) 
Unfortunately, when /jv is only mirror-symmetric the implication 

1 1 9N ^~^9N 1 1 l 2 (R^_) TAT->-0, (18) 

that plays a crucial role in (|17p . is no longer true in general. To see why, let us consider 
the following counterexample (for which we fix d = 3). Define first a sequence of functions 
f' N : {1, . . . , iV} 2 — > R according to the formula 

1 



f' N (i,i + l) = f' N (i + l,i) = 



s 



and f' N (i,j) = whenever i = j or \j — i\ > 2. Next, for i, j, A; 6 {1, . . . , A^}, set 

if j > 2 or (j = 1 and i = 1) or (j = 1 and A; = 1) . . 

M*,J,fc) = | /^(i-l^-l) otherwise. (19) 

Easy-to-check properties of /jy include mirror-symmetry, vanishing on diagonals property, 

N N-l 

i,j,k=l i,k=l 

and 

N / N \ 2 N /N-l \ 2 

E E^^lM^-i) = E E/WM)/WU) -+o. (20) 

ij=l \k,l=l I i,j=l V 1=1 / 



Let 5at be given by ([Ml) , that is, 

j iV-2 

5iV = 7= E (e»+i ® ei <g> e i+2 + e i+2 ® ei <g> e i+ i) . 



V2A^-4 4rf 

1=1 



z 1 1 9 

The limit (|20p can be readily translated into \\gN^-9N\\i2(]^2 \ — > as A" — > oo. On the other 
hand, we have 

N 

t n = max Inf,-(/jv) = max V] {/jv(«,i, &) 2 + /jvO', i, A;) 2 + /jv(», &,j) 2 } 
l<j<N * — * 

i,k=l 

N N 

- ^ a Ar e /jv(«>j) fe ) 2 = e fN(i,i,k) 2 = i, 

l<.7<iV ' — ' 1 — » 
j,fc=l i,fc=l 

which contradicts (|18[) . as announced. 

It is also worth noting that the sequence of functions /jv defined by (|19p provides an explicit 
counterexample to the so-called Wiener-Wigner transfer principle (see [U Theorem 1.8]) in a 
non fully-symmetric situation. Indeed, on one hand, we have 

||pjv^5Ar|| L 2( M 2_) = \\gN^gN\\ L 2^ -> as iV -> oo, 

which, due to (|15p . entails that Qn(Si, ■ ■ ■ , Sat) — T 5(0, 1). On the other hand, let G±, . . . , Gm ~ 
A/(0, 1) be independent random variables defined on a (classical) probability space ($7, J 7 , P). One 
has 

Qn{Gi, Gn) = G\ x ^-^=== ^2 GiGi+ij , 

and it is easily checked that = X^"^ 1 GiGi+i ^ A/"(0, 2) (apply, e.g., the Fourth Moment 

Theorem of |11|). As a result, the sequence Qn{G%, . . . , Gat) converges in law to \/2 G1G2, which 
is not Gaussian. This leads to our desired contradiction. 



Free CLT for homogeneous sums. As an application of Theorem 11.31 let us also highlight 
the following practical convergence criterion for multilinear polynomials, which can be readily 
derived from (|15D . 

Theorem 2.1. Let (A,(f) be a free tracial probability space. Let X±, X2, ■ ■ ■ be a sequence of 
centered free random variables with unit variance satisfying sup i>1 9?(|Aj| r ) < 00 for all r > 1. 
Fix d > 1, and consider a sequence of functions /jv : {l,...,N} d — > R satisfying the three 
basic assumptions (i) -(H)- (Hi) of Theorem 1 1.31 Assume moreover that, as N tends to infinity, 
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maxi<j<jv Infj(/jv) — > and \\qn^9n || L 2( K 2d-2r^ — > for all r G {1, . . . ,d — 1}, where qn is 
defined through p4\). Then one has 



N 

law 



£ f N (k,...,i d )X il ...X id l ^S(0,l). (21) 
h,...,i d =l 

For instance, thanks to this result one can easily check that, given a positive integer k, one 
has 

N-k 

-= ^ {XiX i+1 . . . X i+k + X i+k X i+k . x . . . Xi} ^ 5(0, 1) as N -> oo 
i=l 

for any sequence (Xi) of centered free random variables with unit variance satisfying sup,^ (/?(|Xj| r ) < 
oo for all r > 1. 

3. Proof of Theorem 11.31 

As in [6], our strategy is essentially based on a generalization of the classical Lindeberg method, 
which was originally designed for linear sums of (classical) random variables (see [5])- Before we 
turn to the details of the proof, let us briefly report the two main differences with the arguments 
displayed in [6] for commuting random variables. 

First, in this non-commutative context, we can no longer rely on some classical Taylor expan- 
sion as a starting point of our study. This issue can be easily overcome though, by resorting 
to abstract expansion formulae (see (|24p ) together with appropriate Holder- type estimates (see 
(|28p ). As far as this particular point is concerned, the situation is quite similar to what can be 
found in [3], even if the latter reference is only concerned with the linear case, i.e., d = 1. 

In fact, the main additional difficulty raised by this free background lies in the transposition 
of the hypercontractivity property, which is at the core of the procedure. Indeed, it appears 
quickly in [6] that the proof of hypercontractivity for multilinear polynomials heavily depends 
on the fact that the variables do commute (see, e.g., the proof of [U Proposition 3.11]), so that 
new arguments are needed here. Our strategy towards hypercontractivity is detailed in Sections 
13.21 and Bl and it actually represents the main task of the paper. 



3.1. General strategy. For the rest of the section, we fix two sequences (Xi), (Yi) of random 
variables in a free tracial probability space (A.,<p), two integers N, m > 1, as well as a function 
/at : {1, . . . , iV}^ — > R giving rise to a polynomial Qn through ([T|), and we assume that all of 
these objects meet the requirements of Theorem 11.31 In accordance with the Lindeberg method, 
we are first prompted to introduce some additional notation. 

Notation. For every i £ {l,...,iV + l}, let us consider the vector 

Z N >® := (Y 1 ,...,Y i _ 1: X u ...,X N ). 

In particular, Z N '^ = (X U .. .,X N ) and Z N+1 'W = (YI, . . . ,Y N ), so that 

N 

Q N (X U . . . , X N ) m - Qn{Yi, Y N ) m = [Q N (Z N ^) m - Q N (Z N ^) m ] ■ (22) 

i=l 

Since the only difference between the vectors Z N >^ and Z N '^ %+1 ^ is their i th -component, it is 
readily checked that 

Q N (Z N >®) = f/« + V g\Xi) and Q N (Z N ^) = U® + V^(Y t ), 
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where stands for the multilinear polynomial 

U y N ' := 2^ f N (j 1 ,...,j d )Z ji K '..-Z jd w , 

j 1 ,...,j d e{i,...,N}\{i} 

and : A — > A is the linear operator defined, for every x G .A, by 
vf (x) := 

EY- f / • • • • \ r?N,(i) 7 N,(l) v N,{i) ryN,{i) 

2^ fN(n, ■ ■ ■ ,ji-i,hji ■ ■ ■ ,j d -i) V • • • z jl \'xz ji "... z jd \>. 

1=1 ji,...,j d -ie{i,...,N}\{i} 

Expansion. Once endowed with the above notation, the problem reduces to examining the 
differences 

v{(u$ + vjpmr) - <p((v® + vfovr) (23) 

for i G {1, . . . , N — 1}. In a commutative context, this could be handled with the classical 
binomial formula. Although such a mere formula is not available here, one can still assert that 
for every A,B G A., 

m 

(A + B) m = A m + Y^ Cm,n,r,i r+1 j r A h B jl A i2 B j2 . . . A ir B jr A ir +\ (24) 

n=l (r,i r+1 ,j r )eX'm,n 

where 

r r+1 

£>m,n := {(r,i r+ i,j r ) 6 {l,...,m} x N r+1 x N r : =n , J^i, =m-n} 

i=i i=i 

and the c mjn ^^ r+1 j 's stand for appropriate combinatorial coefficients (independent on A and i?). 
The sets T> m>n must of course be understood as follows: given (r, i r +i,j r ) G T) m ^ n , the product 
A ll B^A %2 B^ 2 . . . A lr B^ r A lr+1 contains A exactly n times and i? exactly (m — n) times, both 
counted with multiplicity. 

Let us go back to (|23|) and let us apply Formula (|24p in or der to expand (U$+V$(Xi)) m (resp. 

{U$ + V^(Yj))" 1 ). The first and second order terms (i.e., for n = 1,2 in (|24p ) of the resulting 
sum happen to vanish, as a straightforward use of the following lemma shows. 

Lemma 3.1. Let Y and Z be two centered random variables with unit variance. Then, for 
every integer k > 1 and every sequence (Aj) of centered freely independent random variables 
independent of Y and Z , one has 

V (X h . . . X ir YX ir+1 ...X ik )=<p {X h . . . X ir ZX lr+1 ...X ik )=0 (25) 

and 

<p [Xi t . . . X ir YX ir+1 . . . Xi a YX is+1 . . . X ik ) = Lp (Xjj . . . X ir ZX ir+1 . . . X is ZX is+1 . . . X ik ) (26) 
for all < r < s < k and (ii, . . . ,i k ) G N fc . 

Proof. Let us first focus on (|25p . For k = 1, this is obvious. Assume that the result holds true 
up to k — 1 and write 

V {X h . . . X ir YX ir+1 . . . X lk ) = Lp(xp . . . X^'YX™^ . . . X™') 

1 r t r' + l s f 
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with i' p+1 / i' p for p G {1, . . . , s' — l}\{r'}, i' s , / i[ and m p > 1 for every p G {1, ...,s'}. 
Center successively every random variable , . . . , XT Pt for which m„. > 2: together with an 

induction argument, this yields 



(p(xT ...x':; r 'YXT' +1 ■■■x™°'" 



v(x t , ...x e (XT' 1 - (p (x7 P1 ))xT' 1+1 ...x^'Yx7 r ' +1 ...x^') 
( av . . . x 4 / - ^(xT P1 )) x? ... x,, (x™ P2 - <p{x™ P2 )) 

^• m P2 + i ^"Vyj^"V+i X ms,N ) = =0 



owing to free independence. Identity (j26|) can be easily derived from a similar induction proce- 
dure. □ 

Let us go back to the proof of Theorem 11.31 As a consequence of the previous lemma, it now 
suffices to establish that, either for W = Xj or for W = Y% % one has, as soon as > 3, 

Hiu^Hvjpmy^u^HvlPmr ■ ■ ■ (^ } ) ir o# (W r )i < wmf^) 3 / 2 (2?) 

for some constant c m( j- Indeed, in this case, by combining (|22)) . (|24p and (|27p with the identities 
in the statement of Lemma 13.11 we get 

N 

\<p(Q N (Xi,. . .,X N ) m ) - <p(Q N (Yi,. . . , Y N ) m )\ < C m4 J2^i(fN) 3/2 

8=1 

N 

< C m4 T l J 2 ^Infj (f N ) = C m4 T l J 2 , 

i=l 

which is precisely the expected bound of Theorem 11.31 

In order to prove (|27|) . let us first resort to the following Holder- type inequality, borrowed from 
[31 Lemma 12]: 

Kt^rrfwr • • • (u$r(v!i\w)yr)\ 

< V{{u$r^-\{{V%\W)?^ (28) 

Now, let the key (forthcoming) Proposition 13.31 come into the picture. Thanks to it, we can 
simultaneously assert that, for every p > 1, 

H( U N? P ) < C P ,d and tpivjpiXi) 2 *) < C p4 • Inf^f, 
for some constant C p ^. Going back to (|28p . we deduce that for every [ji) such that Y^iJl — 3 5 

H^VtfW)* • • • iU^iV^iX^)] < C r4 ■ InUM 2 ' 1 ^-^ 

< C^-Inf^/jv) 3 / 2 
since Infj(/jv) < 1, and so the proof of Theorem 11.31 is done. 

3.2. Hypercontractivity. Let us turn to the proof of the cornerstone result in the above strat- 
egy, namely the hypercontractivity property for homogeneous sums of free random variables. To 
be more specific, we shall show here how this property can be derived from the technical results 
contained in Section [J] The following elementary lemma will also play a role at some point in 
the sequel. 

Lemma 3.2. For every integer r > 1 and every sequence X = (Xj) of random variables, one 
has \Lp{X h . . . X i2r ) \ < /z*_ lf where /if := sup!<,< fc <>! f(Xf l ) . 
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Proof. For r = 1, this corresponds to Cauchy-Schwarz inequality (see [8]). Assume that the result 
holds true up to r — 1 (r > 2) for any sequence of random variables. By using Cauchy-Schwarz 
inequality, we first get 

\<p{X h ...X i2r )\ 
= \<p{(X il ...X ir )(X ir+1 ...X i2r ))\ 

< f{ X h ■ ■ ■ X ir~l X l X ir-l ■ ■ ■ X i 2 ) 1/2l f( X l + 1 ■ ■ ■ ^2r-l^ 2 2r ^2r-l • • • A ir + 2 ) 1/2 . (29) 

Denote by X 2 the sequence Xi,X 2 ,X2,X%, .... Then by induction, we deduce from (|29p that 
ItpfX^ . . . Aj 2r )| < < A^-n which achieves the proof. □ 

Proposition 3.3. Let X\, . . . ,Xjy be centered freely independent random variables and denote 
by (/J-k) the sequence of larger even moments, i.e., fi^ := supi <i<N i<i<k ^{Xf 1 ) • Fix d > 1, and 
consider a sequence of functions /at : {1, . . . , N} d — > R satisfying the three basic assumptions (i)- 
(ii)-(iii) of Theorem 'A Define Qn through (OP- Then for every r > 1, there exists a constant 
C r d such that 

/ N v r 

i P {Q N (X 1 ,...,X N ) 2r ) <c r4 ^ rd A E fN(h,---Jd) 2 ) ■ (30) 

iivj'd=i 

Proof. Owing to Lemma [3.11 it holds that 
i p(Q N (X 1 ,...,X N ) 2r ) 

E /vl./f- • • • • -I) ) ■ ■ ■ fxU-' - ■ ■ ■ iftMiXji . . . Xji ) . . . (X j?r . . . X jf )) 
i<ji,-jj<jv 

i<i? r ,-',ii r <JV 

E Ml>- ■ ■ >ti) ■ ■ ■ fN(j 2 l T , ■ ■ ■ JdM( X H ■■■ X 3 d )--- ( X i? • • • X ft)) ' 

Ub~d?)eAg d 

where we have set, for every R > 1, 

Ar := {(ji, ■ ■ ■ ,]r) £ {1, . . . , N} R : for each i\, there exists 12 7^ i\ such that = ji 2 }- 

Bound each term of the form (py{Xji . . . Xji) . . . (Xj2r . . . Aj2r)) of this sum by means of Lemma 
IQto get 

<p{Q N {x lt . . .,x N ) 2r ) < ^ E \Mi>- ■ -^d)\ ■ ■ ■ \M?, ■ ■ ■ 

Now write 

E fxi.il .l!,) ••• fx (.if jf) 

= E E Ml j;,) ■■■ fxU 2 : f/)\, 

d<k<rd(^l „-2rN p A N,k 
— — Vlf-Jd >^^2rd 

where A^' k := {(ji, . . . , j R ) € A% : ■ ■ ■ Jr}\ = k}. For each (ji, . . . , jj r ) £ A^, one has 

{Ji 1 ,---,j1 r } = {ii,---,ia and 

/v(./:'-- • • , • • • 1/ivOr, • • • , = II 1/(4. " • " .4)| m<1 id ' 

(n,...,i d )e{i,...,fc} d 
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for some weights i d > that satisfy the three following conditions: 

M X/(i 1 ,...,i d )e{i,...,fe} dm ii.-,id = 2r ; 

(ii) Tij!,...,^ = if ij = ife for some / ^ k (since /jy vanishes on diagonals); 

(ill) Eii,...,id6{l,...,*} m ii,-,id > 2 for a11 * ( since tih ■ ■ ■ iff) G A 2rd)- 
ie{il,...,i d } 

As a result, 

E /v(./l 3d) - / v f 77' jf) 



AT 

m 'i »d 



^ c m e e e n \fN(jh,---ji d 

d<k<rd (rm 1 ,...,i d )eM% k \h,-,jk=i (h,...,i d )e{i,...,k} d 

where '■= {(^ti ... i d )l<h ... i d <k £ N fcd for which (i)-(ii)-(iii) holds true} and c r ^ is a con- 

stant that only depends on r and d. At this point, we are in a position to apply the forthcoming 
Corollary 14.21 (for fixed k and (iTH ll ... ) i d ) G ■M'^fk) *° asser t that 

N / N \ r 

E II MJh .;„)'"'—■ E /vOi .A/)'"' (31) 

j'i.— Jfe=i (u,...,i d )e{i,...,fc} d V'ivjd=i / 



and this achieves the proof of (|30j) . □ 



4. A TECHNICAL RESULT TOWARDS HYPERCONTRACTIVITY 

We are now left with the proof of (|31|) . This estimate will actually be derived from a more 
general inequality. In order to state it, we introduce some further notation. 

Consider two integers k > d > 1 together with a sequence (jrijj i d )i<j 1 j d <fc of positive 
weights vanishing on diagonals. Let us also fix a /s-uple of indices (ji, . . . S {1, . . . , N} k , as 
well function / : {1, . . . , N} d -> R. If Ji, . . . , J s (s < d) are non-empty disjoint subsets of 
{ji, • • • we denote by 

/(./!,..., J s ) 

the product of all of the terms /(j^ , . . . , ji d ) mil '"'' id that only appeal to jix, ■ ■ ■ ,ji d £ Ji U . . .U J s , 
with at least one jj ; in each Jj (i = 1, . . . , s). 

For instance, if d = 2, Ji := {ji,.^}, ^2 := {j3, J4}, one has 

f(Ji) = m,h) mi ' a fU2ji) ma ' 1 , M,J*)= II fViiM^fUnjii)"***- ( 32 ) 

tie{i,2} 

i 2 e{3,4} 

For the sake of consistency, we also set f(Ji, ■ ■ ■ , J s ) = 1 in each of the following situations: (i) 
s > d, (ii) one of the sets Jj is empty, (iii) the cardinal of J\ U . . . U J s is strictly smaller than d. 

With this notation in hand, observe that when splitting a block J\ into disjoint (non-empty) 
subsets J\ t i, J\ 2j the product f(J\, . . . , J s ) must be decomposed as 

/(Ji, ... ,J S ) = /(Ji,i, J2, • • • j J s )f(Jl,2> J2, ■ ■ • j J s )f(Jl,l, Jl,2, J2, ■ ■ ■ , Js), 

and similar formulas hold for divisions of Ji into fc blocks (A; > 2). Such a splitting will be 
extensively used in the proof of Proposition 14.11 
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Besides, we denote by mj^ j a the sum of the weights involved in f(J\, . . . , J s ). To take up with 
the above example (|32p . one has of course 

"1^=7711,2 + 7712,1 , mj 1)j2 = X { m h,i2 + m i2,h} ■ 

ue{l,2} 
«2e{3,4} 

As far as summands are concerned, we will often use the convenient block convention V ;i • i 
for j =v Finally, the notation \ Jj\ will refer to the number of indices contained in Jj. 

We are now in a position to state the main result of this section: 

Proposition 4.1. Assume that d>l,0<l<k and k > d. Let (77ii 1 ,...,i d )i<i 1 ... j,<& be positive 
weights vanishing on the diagonals such that 

X^ > 1 «/ 1 < 7 < / and TTijj,...,^ > 2 if / + 1 < 7 < fc. (33) 

l<ii ,...,id<k l<ii,...,i^<k 
ie(ii,—,id) ie(ii,—,id) 

Then, with the above notational convention, one has, for every function f : {1, . . . , N} d — > R 7 

N , N s2 

E f({h,---,ji}) 2 { E /(0'i>---ii2}>0j+i>--->ifc})/(0i+i>--->ifc})J 

ii,— ,ij=i jj+ij— Jfc =1 

/ \ E 1 <i 1 ,...,i d <fe"m,-,<d 

< ( E ■■^) 2 J • ( 34 ) 

As an immediate spin-off of this result, we deduce the following estimate (take I = in (|34p ). 
which leads to (|3ip in a obvious way. 

Corollary 4.2. Assume that d > 1, k > d, and let (77ij 1 ,...,i (i )i<i 1 ,...,i d <jt 6e positive weights 
vanishing on the diagonals such that 

? 7iji,...,i d > 2 /or every 1 < 7 < k. 

l<i\,...,id<k 
ie(ii,...,i<j) 

TTien /or every function f : {1, . . . , AT} d — > R, one has 

JL „ \ 2 / \ Ei< 11 ,..., ld < fc m !1 M 

E II /(* - <( E /Oi,---,id) a j 

iivJfe=i ii,...,i d e{i,...,fe} ii,-jd=i 

(35) 

Remark 4.3. The condition (|33p on the weights must be understood as follows in the left-hand- 
side of (|34p . On the one hand, every index ji from the first summand (i.e., 1 < i < I) comes out 
at least once in f({ji, . . . ,j t }) or in f{{ji, . . . , j;}, {ji+i,- ■ ■ ,jk}) (it may also appear in both 
expressions). On the other hand, every index ji from the second summand (i.e., I + 1 < i < k) 
comes out at least twice in 

f({ji, ■ ■ -,3l}, {ji+i, ■ ■ ■ ,3k})f({jl+i, ■ ■ ■ ,3k}), 
taking into account the multiplicativity induced by the weights (see the subsequent example). 

Remark 4.4. At first sight, the reader might (legitimately) wonder why we focus on the general 
estimate (|34p for the purpose of the paper. Indeed, according to the proof of Proposition 13.31 we 
know that the bound (|35|) suffices to achieve the strategy towards Theorem 11.31 and (|35[) is only 
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a very particular case (much easier to handle a priori) of (|34|) . In fact, as we tried to estimate 
the left-hand-side of (|35|) . it soon appeared to us that the more general structure 



Jl V J2 J 



(36) 



involved in (|34p should play the role of a recurring 'pattern throughout the procedure. This idea 
should become clear in the course of the proof, especially by considering the so-called Config. 8 
in the fully-symmetric situation (see also the following example). 

The basic ingredient towards (|34p essentially lies in a blockwise application of the Cauchy- 
Schwarz inequality (together with some even more trivial estimates). To get an idea on how 
things should work, consider the simple example 



(37) 



Jl ,32,33 



X /(ii'is) 2 ! Yl f(k,k)f{k,k)f{k,k)f{k,k)f{k,k)f{k,h) 



34,35,36,37 



This expression indeed fits the pattern of the left-hand-side in (|34|) (see Remark 14. 3|) : for 1 < i < 
3, ji appears at least once, while kik,k,k an appear at least twice (note that jj is counted twice 
in /(j6, J7) 2 according to our convention). Then, by Cauchy-Schwarz inequality (over j5,je), we 
get 

X f(k,j2) 2 { X f(hJi)f(hJ5)f(j3,k)f(j3,k)f(k,k)f(kJ7) 2 

34,35,36 ,37 



31,32,33 



1 \ 2 



< 



X f(k,h) 2 i X ^2f(h,k)f(hih)f(hJi)f(h,h) f{k,k)^2f{k,hf J 

" "3 35,36 34 

X f(kJ2) 2 (^2f(h,k)f(h,k)f(k,k)f (k , k ) 

X f(k,k) 2 [ ^2f(k,k) 



31,32,33 



31,32,33,35,36 



.14 



35,36 



J- 



At this point, one realizes that the brackets in the latter bound both fit the pattern of (|36p . 
too. Besides, in comparison to (|37p . fewer indices ji now come into the picture: the first bracket 
appeals to 6 indices (namely j\ij-2-,kikikik)i while the second bracket only appeal to k,k,k- 
This stability phenomenon allows us to settle an iteration procedure on the number k of indices 
ji involved in (|36|) . and the problem accordingly reduces to the initialization step, i.e., k = d. 
Unfortunately, when implementing this elementary strategy in a general setting, one has to cope 
with possible "degenerate" configurations of (|36p . for which Cauchy-Schwarz inequality cannot 
be readily applied as such. This makes the proof of Proposition 14.11 quite long and technical, 
although it only appeals to very basic estimates. 

For the sake of clarity, we have divided this proof into two steps. First, we deal with the particular 
case where / is a fully-symmetric function. Then we tackle the general situation, for which only 
slight technical modifications are required. 



Proof of Proposition in the fully- symmetric case. We assume here that the functions / in- 
volved in the proof are all fully-symmetric. 
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Consider first an induction procedure on the number d of arguments for /. When d = 1, the 
result is obvious. Indeed, one has in this case 

£ /(ji) 2mi -../(jW E /0'm) mi+1 ---/(iit) mfc ) 2 



mi+...+m fe 



since m,j > 1 for 2 £ {1, ...,/} and > 2 for i S {! + 1... , 

From now on, we assume that the estimate (fM|) holds true for every function with less than 
d — 1 arguments (tf > 2) and we consider / : {1, . . . , N} d — > M. To extend the result to /, we 
turn to a second induction procedure on the number k of indices % involved in (|34p . 



Initialization step: k = d. By setting ^ := ^2 a£ Q d m a(i),...,a(d)i the only possible config- 

urations are 

2 



E( E f(ji,---,jd) mil '~A , where < / < d - 1 and m [w] > 2, 



(at 



and 

£ /i.y, .a,) 2 "" " withm [w] >l. (39) 

As far as (|38|) is concerned, one has, since mnd > 2, 

2 / \ 2 

• d] 



E ( E A" ././r : <) < E ( E l/o- 

3l> — >3l 31+1)— )3d Jlr-Ji Jl+lt—rfd 

< ( e i/oi.-.idjr-- 4 ) 

/ \"l[l,...,d] 

< E fUu-jd?) 



2 



which is the expected bound. The estimate of (f39|) is obvious. 

From now on, we assume that the result holds true up to k — 1 indices (k > d + 1). To 
extend it to the /c-index situation, we are prompted to successively examine different well-chosen 
configurations for the left-hand side of (|34|): these are the subsequent Config. 1-8. Observe a 
posteriori that some of these situations are included in others. In fact, it is readily checked that 
the two configurations 6 and 8 cover (together) all of the possible combinations for (|36p . which 
ensures the achievement of our procedure. 



k — 1. In 



Config. 1: E jl ,jJ({hhJi) 2 (EjJ({h},Ji,J2)f({ji},J2) \ , with + |J 2 

other words, we suppose here that the index j\ appears in each term. As / is assumed to 
be fully-symmetric, we can write f(ji, J\) for /({ji}, J\) to indicate that j\ can always be 
put in the first position. Then, by applying the induction hypothesis (on d) to the function 
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(i 2 , ■ ,id) ^ f{hih, ■ ■ ■ ,»<*), we deduce that 

E j o 2 ( E J i> J 2)) 

= E [E^' 1 ' J l) 2 (E^' Wtfl, Jl < J2 ) 

I" ] m {iiMi+ m {jiMi,J 2 + m {iiM2 

< E E fUl^2,---,id) 

ji h,---,id 

/ \ m {ii},Ji+ m {ii},Ji,J 2 + m {ii},./2 

< ( E /(*1>*2,--- j 
^ii,j 2 ,... ,j<j 

which clearly corresponds to the expected bound in this situation. 

Config. 2: f{Ji) 2 with |Ji| = fc, i.e. Z = A; in (j34|) . Write first Ji as the disjoint union 
J\ = U J{ and accordingly 

E/( J i) 2 = E/(^}'^) 2 /(^) 2 - 

hA 

Then we divide J{ into the disjoint union J{ = J\ t i U Ji |2 U Ji 3, where 

J\,\ := {ji ^ J[ that appears in f({ji},J[) 2 but not in /(«/() 2 }, 

Jl |2 := {ji G that appears both in /({ji},«/i) 2 and in f(J±) 2 }, 

Jl,3 ■= {ji G ^i that appears in f(J[) 2 but not in /({ji}, ^i) 2 }- 
In this way, we get 

E/(^>' J i) 2 /( J i) 2 

= E E /(0i}^i,i) 2 /(0"i}^i,2) 2 /(0i}^i,i^i,2) 2 /(^,2) 2 E/( J i.2^i,3) 2 /Ui, 

>^1,2 il,Jl,l ^1,3 



< 



E /(0i} s ^i,i) 2 /({ii}, ^i, 2 ) 2 /({ii}, Ji,i,J 

jl, Jl,l, Jl,2 



1,2 



E /Ul,2) 2 /(^l 1 2,Jl,3) 2 /Ul, 

Jl,2, Jl,3 



(40) 



where we have only used the trivial estimate £^ < (Si a «)(Xi &i) when aj, 6j > 0. The first 
bracket in (|4U|) is a particular case of Config. 1 (take J 2 = 0), which yields 



E ^i,i) 2 /({ii} ; ^i,2) 2 /({ii}, ^1,1, 

Jl, Jl,l, Jl,2 



1,2 



Hjl},Jl,l+ m {Jl}>Jl,l.Jl,2 +m O'l}.Jl,2 



• (41) 
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As for the second bracket, observe first that it fits the pattern of (|36p . Then, as | J\p\ + I ^1,3 1 ^ 
k — 1, we can apply the induction hypothesis on k to assert that 

/ \ mj l 2 +mj l 2. J 1 3+ mj l 3 

E /(^2) 2 /(Ji,2,Ji, 3 ) 2 /(Ji,3) 2 < ( E /(n,...,id) 2 J ' ' ■ (42) 

Ji,2,Ji,3 ilj— )*d 

Going back to (|40p and given the very definition of the subsets Jn, Ji j2 , Jl,3, it is easy to realize 
that (|4ip and (|42f) provide us with the expected bound (observe for instance that mj 1 u j 13 = 0, 

m {ii}^i,3 = °> etc )- 

Config. 3: ( Ej^j^ /({il}, ^2,i)/({Ji}, J 1; J 2jl )/(Ji, J 2 , 2 )) with fc = 1 + |Ji| + 

I J2 l| + I Ja 2!- This sum can also be written as 



E [ E ( E /(to, J 2,i)/(0i}, Ji, ^2,1)) 1 [( E /( J i. J ^)) 2 

Ji L ji V J2.1 / J L V j / J 



Jl jl J2,l 

Now split up Ji into J\ = J\\ U Ji 2 U J\ 3 with 



(43) 



Ji,i 
Ji,2 
Jl,3 



{ji £ Jl that appears in the first bracket of ()43p but not in the second one}, 
{ji G Jl that appears in both brackets of (1431) }. 

{ji G Jl that appears in the second bracket of (|43p but not in the first one}. 



With these subsets in hand, (|4"3|) clearly becomes 

E E ( E /(Oih ^,i)/(0i}, Ji,i, j 2 ,i)/({ii}, Ji,i, Ji, 2 , j 2 ,i)/({ji}, Ji, 2 , j 2 ,i) 

Jl,2 jl,Jl,l J2,l 

2 



E ( E J 2, 2 )/( Jl,2, Jl,3, J 3 ,2)/( Jl,3, ^2,2)) 

Jl,3 ^ ^2 " 



< 



£ (£■■■ 

jl,Jl,l,Jl,2 J2,l 



£ (£•• 

■A, 2,^1,3 ^2,2 



• (44) 



Here again, the first bracket in (|44p is a particular case of Config. 1. As far as the second bracket 
is concerned, observe first that it fits the pattern of (|36p . Therefore, since | Ji j2 | + I Ji,3| + 1 ^2,2 1 — 
k — 1, we are allowed to use the induction hypothesis on k to bound it appropriately. As in 
Config. 2, the conclusion is now easily derived. 



Config. 4: ( £ Ja /(Ji, J 2 ) ) with Ji ^ and |Jx| + |J 2 | = fc. If Ji = {ji}, then the 

situation reduces to a particular case of Config. 1. Otherwise, write J\ = {ji} U J\ \ with 
Jl l 7^ 0) so the sum becomes 

2 



ji,Ji,i J2 

Now, divide J 2 into J 2 = J 2 1 U J 2]2 U J 2) 3 with 



E ferttfih J 2)/(0'i}' j 2 )/(Ji,i, j 2 )) ' 



J2,l 
J2,2 
J2,3 



{ji G J2 that appears in /({jf'i}, J 2 )/({ji}, Ji,i, J 2 ) but not in /(Ji,i, J 2 )}, 
{ji G J 2 that appears both in f({ji}, J 2 )/({ji}, Ji,i, J 2 ) and in /(Ji,i, J 2 )}, 
{ji G J 2 that appears in /(Jm, J 2 ) but not in /({ji}, J 2 )/({ji}, J11, J 2 )}. 
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Thus, we have 



E /(Oih J2)f({jl}, Jl,l, J2)f(Jl,l, J 2 ) = E 



■/2 



/({jl}, «/2, 2 )/({jl}, Ji.l, J 2 , 2 ) 2 /(O'l}. ^2,l)/(0l}, J 2 ,l, J 2 ,2)/({jl}, ^2,l)/({jl}, Jl,U J2,l, h?) 



J 2 ,i 



f(Jl,l, ^2,2) ^ f(Jl,li J2,2, J2,3)f(Jl,l, J2,: 

J2,3 



If J 2 , 2 = 0) w e are brought back to Config. 3. If J 2i 2 7^ 0> then by Cauchy-Schwarz inequality 
(over J 2j2 ), we get 



E IE 

^2,2 



^ E [ E /(0i>, ^ 2 , 2 ) 2 /({ii}, , j 2 , 2 ) 2 ( E • • • ) 1 f E J ^) 2 ( E • • • ) 2 
•^1,1 j'1^2,2 ^2,1 ^2,2 ^2,3 



and from this bound, the conclusion is easily derived with the arguments of Config. 3 (we are in 
the same position as in (03])). 



Config. 5: f(Jl) 2 [Zj 2 /(^,^)J with Ji ^ and |J X | + |J 2 | = fc. Write J x = J 1A U 
Jl,2 U Ji >3 with 

Jl,l := {ji £ Jl that appears in f(Ji) 2 but not in /(Ji, J 2 )}, 
Jl,2 := {ji ^ Jl that appears both in f(J\) 2 and in /(Ji, J2)}, 
Jl 3 := {ji £ Ji that appears in f(J\, J2) but not in /(Ji) 2 }. 



Then one has 

E/( J l) 2 (E/( J l' J 2) 

Jl V J 2 



< 



E ( E /( Jl ' 2 ' J 2)/( J 1,2, ^1,3, J 2 )/(Jl,3, ^2) 
E f(Jl,l) 2 f(Jl,l,Jl,2) 2 f(Jl,2? 

Jl,l>Jl,2 



E (E f( J W> W( J 1,2> ^1,3, J 2 )/(Jl,3, J 2 ) 

Jl,2,Jl,3 J2 



The first bracket corresponds to Config. 2, while the second bracket is a particular case of Config. 
4, which leads to the expected bound. 
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Config. 6: J2. h fW (Ej 2 /(Jl, WW)* with J x £ and | J x \ + \J 2 \ = k. This time, split 
up J 2 into J 2 = J2,i U J 2 ,2 U J2,3 with 



^2,1 
^2,2 
^2,3 



{ji ^ J 2 that appears in f(J±, J 2 ) but not in /(J2)}, 
{ii ^ J2 that appears both in /(Ji, J2) and in /( J2)}, 
{ii ^ J2 that appears in /(J2) but not in f(J±, h)}- 



Thus, 



J2 



E /( J l> J 2, 2 ) J] /( J l' J 2,l)/(Jl, J 2 ,l, J 2)2 ) /(J 2 ,2) E /( J 2,2> ^, 3 )/(J 2) c 
^2,2 ^2,1 ^2,3 

If J 2 ,2 = Oi then we go back to Config. 5 for /(Ji) 2 ^^j 21 f(J\, ^2,1)^ an d we can use 

the induction hypothesis (on k) to cope with ^X^/ 2 3 /(^2,3)J (since |J 2 ,3| < |J 2 | < & — 1). If 
J 2 , 2 7^ 0) one has by Cauchy-Schwarz inequality 



Jl 



< 



E /( J l) 2 /(Jl, «/2,2) 2 ( £ /(Jl, J 2 ,l)/(Jl, J 2 ,l, J 2l2 )) 
Jl,J2,2 ^ J 2 ,l 



2n 



E/( J 2,2) 2 f E/( J 2,2^2,3)/(J2, 3 ) 

^2,2 ^2,3 

Now, if J23 7^ 0, we can rely on the induction hypothesis (on k) to conclude, whereas the 
situation reduces to Config. 2 and 5 if J2 3 = 0. 



Config. 7: (j2 ju j 2 /({jl}, ^2)^ with |J 2 | = A; - 1 (in particular, I = in (JMD)- Just 
Config. 1, we can here rely on the induction hypothesis on d to write 



as m 



(e/(^ j 2)V < (e e/(^ j 2)) 2 

^ (E( E m,i2,...,i d ) 2 ) 

- ( E /(*1'*2) • • • ,*d) 2 J 
^ ii,i2,...,id 

where we also used the fact that 7Ti {j 1 }, l / 2 — 2- 



X Ol>,J2 



m OiM2 
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Config. 8: ^Ej 2 /(^)^ with |J 2 | = k, i.e. I = in dHD- Write J 2 = {ji} U and so 

/(J2) = /({jl}, J' 2 )f{J 2 )- Then split up into J' 2 = J 2) i U J 2 , 2 U J 2 , 3 with 

^2,1 = {ji G J 2 that appears in /({ji}, J 2 ) but not in /(J 2 )}, 

■^2,2 = {ji G ^2 that appears both in /({ji}, J 2 ) and in /(J 2 )}, 

^2,3 = {ji € J 2 that appears in /(J 2 ) but not in /({ji}, J 2 )}. 

Therefore 

E/^) = 



j 2 



E E /({il}^2,l)/({jl},J2,2)/({jl},J2,l,J2,2) /(J2,2)E/( J 2,2^2,3)/(J2, a 

J2,2 jl,J2,l J2,3 



If J: 



2,2 



the situation reduces to 
2 



(E/( J 2)) =( E /O'i^i)) -(E/( j ^)) , 

so that we can easily conclude with Config. 7 for the first term and by induction on k for the 
second one ( | ^2,3 1 < |J 2 | = A; — 1). If J 2j2 7^ 0, then by Cauchy-Schwarz inequality 

(E[ E /0'l> J 2,l)/0'l, ^2,2)1 [/(J2, 2 )E/( J 2,2^2,3)/(J2,3)j) 

V r „. 7 _ J L j 23 J/ 

E( E ffa,J2,l)fUuJ2,l,J2,2)fUuJ2,2)) 

■ 7.„ I., / 



^2,2 il,^2,l 



^2,2 Jl,J2,l 

' E /( J 2-2) 2 ( E /( J2 - 2 ' J 2,3)/(^2, 3 ) 
^2,2 ^2,3 

The two brackets in the latter bound can now be tackled with Config. 6, which achieves the 
induction procedure on k (and on d as well). 

□ 



Proof of Proposition \4-l\ in the general case. In the previous proof, it is easy to see that the 
symmetry assumption on / has only been used during the following steps: (1) in the initialization 
of the induction procedure on k, i.e. when k = d; (2) when studying Config. 1 and 7, i.e., each 
time the induction hypothesis on d is required. Therefore, these are the only situations we must 
go back to in order to extend the result to a non- fully-symmetric /. 



Initialization step: k = d. Two kinds of configurations can occur here: 

2 



E ( E f({h,---,jd}))' 



31,— 3l+l,—,3d 



with < I < d — 1, and 



E f({h,---,j d }f 



(45) 



(46) 



31,—jd 
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As far as (|45|) is concerned, let us first observe that 



E ( E ./-/})) 2 < ( E .A/})) 



3i>-Jl Jl+lj— >Jd 



,3d 



V(l),..., CT (d) 



and we know that ^cre6 d m o-(i),...,o-(d) — 2- Now, assume that there exists ai G such that 
w<T 1 (l),...,ai(d) > 2 and "V(l),...,o-(d) = for cr / cri. Then obviously 



, "» -i(i),..., -i(d) 

E l/C7oi(l),...,oi(d)) 

K jl, — ,3d ~Jlr-Jli 

which corresponds to the expected bound. Otherwise, there exists a\ 7^ a 2 G such that 
??? 



(l),...,<n(d) > 1 and "V 2 (l),...,a-2(<i) > 1- Then, by using Cauchy-Schwarz, we get 



3l,-,3d 



i/(j ffl (i),..,j fflM )r" (i) "> w 



i/(j CT2 (i), • • • , j CT2 (d))r CT2(i) '-' CT2(d) i/cmi)> • • • . jVw' 

o-e6 d \{cri,CT2} 



m CT(l),...,<r(d) 



< 



E l/(i«(D yi S(11 '" 



X 



E i/& 



31, — ,3d 

2m„ 



■ 31,.»>Jd 

Of course, 



- 2(1 ),..,. 2 (d) J] l/(ia(i),---,i.(d))l 2mCTC1) -- CTM 

(TeS d \{CTl,CT2} 



(47) 



E /0' 



1, • • • , 



V 1 (l),...,cr 1 (d) 



E i/(M(i)>--->M(d))i 2mCTiCi) '-' CTi(d) < 

31,— ,3d "31,— ,3d 

At this point, if rn a (i),...,cr(d) = f° r every a ^ {01,02}, the proof is concluded thanks to (|47p . 
Otherwise, there exists 03 ^ {o"i,0"2} such that ?n (T3 n) ) ... )£ra (d) > 1 an d we have (use the trivial 
estimate £^aA < (52i a i)(52i b i) for a iih > 0) 

E i/(i. 2 (i),---,wr CT2(i) CT2(d) n I"-" Nl2m - 

CT66 d \{o-l,CT 2 } 

E \fUa 2 (l),---,ja 2 (d))\ 2m ^ m - W 



^ m o-(l),...,cr(d) 



< 



Jll— Jd 



E l/(^a(l) ) ---^3W)| 2mCT3(1) CT3(d) II l/0'<T(l),---,ia(d): 

Jll— .Jd CT66 d \{(T 1 ,(T 2 ,(T3} 
/ _ „\ m cr 2 (l),...,a 2 (d) 

< ( E f(iu---,h? 



1 2m. 



{!),.. ., CT (d) 



E l/0'oa(l)' •••'i<r= 



1 2m, 



3 (l),..., CT3 (d) 



II 1/0.(1), ■■■Ja(d))\ 2m " m --" W 



"Jli— .id CT66 d \{o-i, 0-2,0-3} 

We can now repeat the procedure to handle the latter bracket. The treatment of (|46p can clearly 
be derived from the same argument. 
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Back to Config. 1: T, n ,. h f({jx}, 'h? ( Ej 2 /(0"i}> Ji^h)f{{h], J*)\ with \Ji\ + \J 2 \ = 

k — 1 . As each of the terms here contains the index j\ , it seems natural to use the same idea as 
in the fully-symmetric case, that is, to "freeze" j\ so to conclude by induction on d. The problem 
in the non-fully-symmetric case lies of course in the fact that ji may appear in any position 
of f(ji 1} ■ ■ ■ ,ji d )- We are therefore led to introduce the functions : {1, . . . , N}^ 1 — > R 
(p £ {1, . . . ,d},j G {1, . . . ,N}) defined as 

fj P \ji,- ■ ■ , jd-l) ■= f(jl, ■ ■ -Jp-iJJp, ■ ■ -Jd-l)- 
With the notation used in this section, we have 

? (i)/n Ad), 



f({ji},Ji) = f};'(Ji)---ff 1 > w 



where each fj^{Ji) is associated with the weights 



77? 



(p) 



Thus, 



E • • • fj? ( J i) 2 l ( E to*, wj?^)} • • • J^m] ) 



(48) 



We denote by 1 < p\ < . . . < p r < d (resp. 1 < qi < . . . < q s < d) the positions of j\ that indeed 
come out in the first (resp. second) bracket of (|48|) . i.e., such that 



mff > 1 (resp. + m y f 2 ' > 1). 

The sum (|48[) can accordingly be written as 



Mi) 



E 



V J 2 L J/ 



Let us now consider the two situations where s = and s > 1 separately. 
Sub-Config. 1.1: s = 0. The sum reduces here to 

Et/jrVi) 2 ] [/jrw.-./jrVi) 2 ]. 



(49) 



(50) 



If r = 1, then the second bracket (j50|) is equal to 1 and we are in a position to apply the induction 

p(pi) 



hypothesis (on d) to , which entails 

E /fW-^) 2 ) 



■ 7 i 



31 «2r--,*d 



< ( E f£\*,---M 2 ) 1 < ( E /(*i.-^) a ) 



m OiMi 
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since in this case Wlj^ = fn{j 1 } : j 1 > 1- If r > 2 in (|50p . divide Ji into J\ = J\ t \ U Ji >2 U with 



^1,3 



{ji ^ that appears in the first bracket of (|50p but not in the second one}, 
{ji ^ J\ that appears in both brackets of (|50p |. 

{ji £ J i that appears in the second bracket of ([50]) but not in the first one}. 



So, (l50l) can be written as 



E E/ii^uJi^ 2 E4f 2) ( J ^uJi,3) 2 ...4r ) (Ji, 2 uj li3 ) 

Jl)Ji,2 ^1,3 



< 



E /jf i} (^iuJi, 2 ) 2 e /f , (^ 2 uJi,3) 2 .../jr ) (Ji, 2 uj 1 „ 

Jl, ^1,1, ^1,2 jl,Jl,2,Jl,3 



(51) 



By setting J{ := Ji i U Ji j2 , we get as above 



(pi) 



E4f l) W) 2 = E(E/ir ) W) 2 ) < ( E /«x,..,fc) 3 p 

Note that by the very definition of J^i, J 1>2; we have mjj = £)i<ti ^ 1 <j. j d x - We now 

easily repeat the procedure (i.e., we go back to the step (f50|) ) to deal with the second bracket of 

(EH). 

Sub-Config. 1.2: s > 1. In (gSJ, divide J x into J x = J^i U Ji j2 U Ji, 3 with 



^1,1 

^1,2 

Ji,3 



{ji £ that appears in the first bracket but not in the second one}, 
{ji ^ Ji that appears in both brackets}, 

{ji ^ J\ that appears in the second bracket but not in the first one}. 



Quantity (jl9|) becomes 



E e n ir( j i,iuji, 2 ) 2 e(e n /if , (^2Uj llS) j 2 )/if , (Ji l2 uj 1> s) 



< 



E 

ji,Ji,i,Ji,a 



E 

jl,^l,2, Jl,3 



(52) 



where we have only used the crude bound Yli a i^i — (Y2i a i)C^2i^i) f° r a iih > 0. The first 
bracket in the bound ([52|) corresponds to Sub-Config 1.1. As for the second bracket, it can be 
written, if J[ := Ji j2 U Ji t 3, as 

E (e fefVu^od [/jr^^^)/^^.).../^^;,^)^^.)]) 2 . (53) 

At this point, if s = 1, the result is easily achieved by applying the induction hypothesis (on d) 



to fjf). If s > 2, split up J 2 into J 2 = J 2 ,i U J 2 , 2 U J 2>a 

^2 1 := {ji G >^2 that appears in the first bracket of (|53p but not in the second one}, 
J 2j2 := {jj G J 2 that appears in both brackets of (|53p }. 

J 2> 3 := {ji G J 2 that appears in the second bracket of (|53p but not in the first one}. 

With this splitting in hand, we appeal to the (now) usual arguments: apply Cauchy-Schwarz 
inequality over J 2j2 , then use an appropriate division for J[ (just as in (|50p ) and finally resort to 



with 



2.-) 



the induction hypothesis on d to estimate the expression involving only. In this way it is 
not difficult to realize that the procedure reduces to the estimation of 

E [flT\ J D 2 ■ ■ ■ fll s \j"?] (E [/j^K. J 2)f^\Jl)] ■ ■ ■ J2)fj?\j?j\) a 

31, J[' V J'i J 

for two sets of indices J", J% that verify Condition (|33|) . In other words, we are brought back to 
the configuration (|49p . with this time s — 1 positions of ji involved in the second sum (over J%). 
As a consequence, it suffices to repeat the reasoning s — 1 times. 



Back to Config. 7: f Y^jx j 2 /({jl}> ^2)^ with \ J%\ = k — 1. Bear the previous notation 
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mind. One has 



E/({^> J 2) 

31, J2 



31, J2 



/jr } («/ 2 ) 



/if 2) (j 2 ).../r(^) 



(54) 



where the positions 1 < pi < . . . < p s < d are such that 

m j 2 

> 1. If s = 1, the conclusion is 

easily derived by induction on d (just as in the fully-symmetric case). If s > 2, then divide J2 
into J2 = J2 1 U <^2 2 U J2 3 with 



^2,1 

<^2,2 
<^2,3 



{ji £ ^2 that appears in the first bracket of (|54p but not in the second one}, 
{ji £ J2 that appears in both brackets of (|54D |. 

{ji G ^2 that appears in the second bracket of (f54"|) but not in the first one}. 



Write now (15411 as 



31,^2,2 J'2,1 



< 



2<i<r J 2 , 3 2<i<r J ' 

E fn ] ^? ( E (^,i)/if (J 2 ,i, J 2 , 2 )) 2 



jl,J2,2 



e n fpw e n /jrv2, 3 )/jrv2,2,j2,3) 

2<i<r V J 2 , 3 2<i<r 

which brings us back to Config. 1 and concludes the proof. 



□ 
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